In this paper, we apply fuzzy Sumudu transform (FST) for solving linear fuzzy fractional differential equations (FFDEs) involving Caputo fuzzy fractional derivative. It is followed by suggesting a new result on the property of FST for Caputo fuzzy fractional derivative. We then construct a detailed procedure on finding the solutions of linear FFDEs and finally, we demonstrate a numerical example.
Introduction
Fractional calculus is the generalization of ordinary calculus. This includes the functions' derivative of arbitrary order. The topic has been explored and studied by various researchers in many fields such as engineering, mathematics and so forth [2, 14, 15, 17, 22, 33, 35] . One of the major contributions in this field was the work in [37] , which discussed the topic intensively. Later, it was studied in [31] , where the authors proposed some applications. When dealing with fractional differential equations, the terms such as Riemann-Liouville, Grünwald-Letnikov and Caputo fractional derivative are considered by many authors [21, 25, 30, 39, 42] . Of the three definitions for derivative stated, Riemann-Liouville and Caputo fractional derivatives appeared to be more popular.
As times moving on, the fractional differential equations seem to have some drawbacks. One of them is the initial value assigned to the model. In general, the determination of initial values is very difficult. It always involves uncertainty quantities. This is true when dealing with real physical phenomena. To handle uncertainty quantities, researchers proposed several new concepts. The one that stands out among the concepts is fuzzy set theory [48] . This theory is able to deal with differential equations possessing uncertainties at initial values. The first contribution on handling fractional differential equations with uncertainties was studied in [3] . This has influenced many researchers to further explore the subject [5, 6, 8, 9, 29, 43] .
Integral transforms have long been used in solving linear ordinary differential equations, as well as linear fractional differential equations. The integral transforms were preceded by Fourier transform. Later, several new integral transforms have been proposed, namely, Laplace, Mellin, and Hankel transforms [32, 40, 44] . One of the recent integral transforms introduced in the literature is the Sumudu transform [45] . The virtue of this transform is that it holds a scale preserving property which results in the original function to be similar with the transformed function. It can also be seen in the literature, there exist several discussions on solving few types of linear fractional differential equations, as we stated previously, using Sumudu transform [16, 18, 27] . Recently, fuzzy Laplace transform [7] has been used to solve FFDEs involving Riemann-Liouville fractional derivative [38] . However, this type of fractional derivative has a drawback. It requires a quantity of fractional H-derivative of an unknown solution at the fuzzy initial point, which is not practical in real life situation. In this paper, we propose a new solution of linear FFDEs involving Caputo fuzzy fractional derivative using FST. The FST is first proposed in [4] followed by [1] . Some other applications of FST can be seen in [23] .
The arrangement of this paper is as the following. In Section 2, we revise some fundamental theories on fuzzy numbers and fuzzy functions. Plus, some definitions and theorems on Caputo fuzzy fractional derivative will also be provided. It is followed by the definition of FST in Section 3. In this section, we also propose a new property of FST for Caputo fuzzy fractional derivative. Next, in Section 4, we provide a procedure on solving linear FFDEs possessing Caputo fuzzy fractional derivative using the FST in detail. A numerical example is demonstrated in Section 5 and finally in Section 6, the conclusion is drawn.
Basic concepts and theories
Here, we revisit several definitions and theorems for a better understanding of this paper.
Fuzzy numbers and fuzzy functions
Throughout this paper, R denotes the set of real numbers. Fuzzy number is defined as follows.
Definition 2.1 ([47])
. A fuzzy number is a mapping u : R → [0, 1] with the following criteria.
1. u is normal, i.e., there exists x 0 ∈ R such that u(x 0 ) = 1; 2. u is convex, i.e., for all and λ ∈ [0, 1], x, y ∈ R,
holds; 3. u is upper semicontinuous, i.e., for any x 0 ∈ R,
4. supp u = {x ∈ R| u(x) > 0} is the support of u, and its closure cl(supp u) is compact.
Definition 2.2 ([26]
). Let u be a fuzzy number defined in F(R). The α-level set of u, for any α ∈ [0, 1], denoted by u α , is a crisp set that contains all elements in R, such that the membership value of u is greater or equal to α, that is u α = {x ∈ R| u(x) α}.
Whenever we represent the fuzzy number with α-level set, we can see that it is closed and bounded. It is denoted by [u α , u α ], where they represent the lower and upper bound α-level set of a fuzzy number, respectively.
As the fuzzy number is resolved by the interval u α , researchers [20, 34] Some researchers classified the fuzzy numbers into several types of fuzzy membership function. To the deepest of our study, triangular fuzzy membership function or also often referred to as triangular fuzzy number is the most widely used membership function.
Definition 2.4 ([28])
. A triangular fuzzy number u can be defined by a triplet (a 1 , a 2 , a 3 ) , the membership function is defined as follows.
The α-level of the fuzzy number u is
The definition of the operations on fuzzy numbers can be referred in [41] .
Theorem 2.5 ([46]). Let f : R → F(R) and it is represented by
for every b a, and assume there are two positive M α and
is improper fuzzy Riemann-integrable on [a, ∞) and the improper fuzzy Riemann-integrable is a fuzzy number. Furthermore, we have
H-difference of fuzzy numbers is defined as follows. Definition 2.6. If u, v ∈ F(R) and if there exists a fuzzy subset ξ ∈ F(R) such that ξ + u = v, then ξ is unique. In this case, ξ is called the Hukuhara difference, or simply H-difference of u and v and is denoted by v − H u.
In the next definition, the strongly generalized differentiability concept is provided.
Definition 2.7 ([12, 13]). Let
, and the limits (in the metric D)
In this paper, we denote the space of all continuous fuzzy functions on [a, b] ⊆ R and the space of all Lebesgue integrable fuzzy functions on the bounded interval
be a fuzzy function. The fuzzy Riemann-Liouville integral of the fuzzy function f is defined as follows.
be a fuzzy function. The fuzzy Riemann-Liouville integral of the fuzzy function f is as follows.
where
Caputo fuzzy fractional derivative
In this subsection, we provide some definitions and theorems on Caputo fuzzy fractional derivative. In [36] , the authors extended the Caputo fractional derivative of crisp case into fuzzy setting. Here, we provide some of the concepts proposed.
Lemma 2.10 ([36]
). Let f(x) be a crisp continuous function and ( β )-times differentiable in the independent variable x over the interval of differentiation (integration) [0, x]. Then the relation
holds, where f
and C D β denotes Caputo derivative operator, while β and β are the value β rounded up and down to the closest integer number, respectively. RL D β is the common Riemann-Liouville fractional derivative operator which is defined as follows
f(x) is Caputo fuzzy fractional differentiable function of order 0 < β 1, if there exists an element C D β f(x 0 ) ∈ C F such that for all 0 α 1 and for h > 0 sufficiently near zero, either,
If the fuzzy function f(x) is differentiable as in Definition 2.11 (1), it is called Caputo fuzzy fractional differentiable in the first form. If f(x) is differentiable as in Definition 2.11 (2), it is called Caputo fuzzy fractional differentiable in the second form.
If f(x)
is Caputo fuzzy fractional differentiable in the second form, then for every 0 < β 1,
where 
Since in this paper, we only consider 0 < β < 1, Definition 2.13 can be simplified as follows.
Note that when β = 1, the definition is similar to the definition of Sumudu transform for first order derivative.
Fuzzy Sumudu transform for Caputo fuzzy fractional derivative
In this part, we recall the definition of FST and later we propose a new result on the property of FST for Caputo fuzzy fractional derivative. 
where the variable u is used to factor the variable x in the argument of the fuzzy function and τ 1 , τ 2 > 0.
The FST can also be written into the following parametric form.
In the following theorem, we introduce a new property of FST for Caputo fuzzy fractional derivative. This is done by directly extending the definition for classical Sumudu transform of Caputo fractional derivative into fuzzy setting.
be a continuous fuzzy function, and C D β f is the Caputo fuzzy fractional derivative of f on [0, ∞). Then, for 0 < β 1, we have
where f is Caputo fuzzy fractional differentiable in the first form, or
where f is Caputo fuzzy fractional differentiable in the second form.
Proof. First, we assume f is Caputo fuzzy fractional differentiable in the first form (Theorem 2.12 (1)). Therefore,
From the classical Sumudu transform for Caputo fractional derivative, we know that
Since f is Caputo fuzzy fractional differentiable in the first form
Now, we assume that f is Caputo fuzzy fractional differentiable in the second form (Theorem 2.12 (2)).
This is analogous to
From the classical Sumudu transform for Caputo fractional derivative, finally we have
Since f is Caputo fuzzy fractional differentiable in the second form, then we finally have
The proof is complete.
Procedures for solving linear FFDEs using FST
Consider the following linear FFDE.
where f ∈ C F (a, b) ∩ L F (a, b) and x 0 ∈ (a, b). By using FST on both sides of Eq. (4.1), we have
Case 1 : If we consider y to be Caputo fuzzy fractional differentiable in the first form, then from Theorem 2.12 (1), we get
. Now, we obtain the following system
where β ∈ (0, 1]. From Theorem 3.2, we have
where,
To solve Eq. (4.2), first we assume that
L 1 α (u) and U 1 α (u) are the solutions of Eq. (4.2) under this case. We obtain y α (x) and y α (x) using the inverse FST as the following
Case 2 : If we consider y to be Caputo fuzzy fractional differentiable in the second form, then from Theorem 2.12 (2), we get
To solve Eq. (4.3), first we assume that
L 2 α (u) and U 2 α (u) are the solutions of Eq. (4.3) for this case. We have y α (x) and y α (x) by the inverse of FST as the following
A numerical example
In this part, the method proposed will be demonstrated on a linear FFDE. This is to show that the method is practicable.
Example 5.1. The following linear FFDE is considered.
Case 1: By taking fuzzy Sumudu transform on both sides of (5.1), we have
From Theorem 2.12 (1) for Caputo fuzzy fractional differentiability in the first form, we have
and from Theorem 3.2,
Then, we obtain
By applying inverse Sumudu transform, we obtain
finally, we have
is the Mittag-Leffler function defined by
.
Case 2:
Using fuzzy Sumudu transform on Eq. (5.1), we have
From Theorem 2.12 (2) for Caputo fuzzy fractional differentiability in the second form,
and from Theorem 3.2
By applying inverse Sumudu transform, we have
and
, are the Mittag-Leffler functions.
Assume that y(x 0 ) = [1 + α, 3 − α]. The numerical solutions of (5.1) for Cases 1 and 2 at x = 2 are listed in Tables 1 and 2 Remark 5.2. One of the disadvantages of the strongly generalized differentiability concept used in this paper is that a fuzzy fractional differential equation has no unique solution. That is the reason behind two cases that we solved. This disadvantage, from another point, is also an advantage as we can choose the singular point where the support of the solution changes its monotonicity. This means that we can obtain reversible solutions. Plus, we will also obtain stable and almost periodic solutions. Furthermore, researchers can choose the best solution from all the cases based on the problems faced. Further discussion on the advantages of strongly generalized differentiability can be seen in [11, 12] 
Conclusions
In this paper, we have proposed a new analytical method for dealing with linear FFDEs involving Caputo fuzzy fractional derivatives. A new property of fuzzy Sumudu transform for Caputo fuzzy fractional derivative has been introduced. The new property has been used to construct a procedure for solving linear FFDEs. A numerical example has been solved to show that FST is functional. For future research, we intend to apply FST on nonlinear fuzzy differential equations of integer and fractional order. For that purpose, as fuzzy Sumudu transform cannot directly solve nonlinear problems, an integration with a numerical result has to be made. For example, an integration between fuzzy Sumudu transform and homotopy perturbation method. This will produce a new hybrid method, which then can be tested on nonlinear problems.
